The use of the Wigner function for the study of quantum transport in open systems present severe criticisms. Some of the problems arise from the assumption of infinite coherence length of the electron dynamics outside the system of interest. In the present work the theory of the Wigner function is revised assuming a finite coherence length. A new dynamical equation is found, corresponding to move the Wigner momentum off the real axis, and a numerical analysis is performed for the case of study of the onedimensional potential barrier.
I. INTRODUCTION
Nowadays sophisticated technologies produce physical systems, and in particular semiconductor devices, of dimensions comparable with the electron wavelength or with the electron coherence length. Under such conditions, semiclassical dynamics is not justified in principle, and a full quantum analysis has to be considered. Among the possible different approaches, the Wigner function (WF) has been widely employed in several fields of quantum statistical physics, such as molecular, atomic, and nuclear physics, quantum optics, quantum chemistry, quantum entanglement and entropy [1] [2] [3] [4] [5] [6] [7] [8] . In particular, the WF has proved to be very useful for studying quantum electron transport [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , owing to its strong analogy with the semiclassical picture, since it explicitly refers to variables defined in an (r,p) Wigner phase space, together with a rigorous description of electron dynamics in quantum terms.
The WF has been considered especially suitable for studying mesoscopic systems. Their typical dimensions are such that transport cannot be assumed to be totally coherent since dissipative scattering begins to take place. In such a condition, the Schrödinger equation for isolated electrons cannot be used. On the other hand, dimensions are so small that coherent quantum effects are present, and the system does not present within itself a sufficiently large number of microscopic situations to justify configuration averages. Furthermore, the WF has been considered to be an appropriate tool to treat the problem of the contacts in electronic devices. In fact, being defined in a phase space, both position and momentum can be considered simultaneously, and the connection with semiclassical systems described by a classical distribution in the contacts should be straightforward. Usually, the perturbation theory is used in dealing with quantum electron transport. The form of the quantum equation describing the dynamics of the electron system depends on the choice of the unperturbed Hamiltonian H 0 . For example H 0 can describe the free electron dynamics, or it can also include the potential profile, or part of it. The corresponding eigenstate set of H 0 is used to obtain the appropriate form of the evolution equation and to define the initial boundary conditions. An electronic device with contacts is an open system, and it has been recognized that a natural basis of quantum states for such systems is provided by the so-called "scattering states" [10, 16] .
Open systems, however, pose several problems to the use of the WF for studying quantum transport. Basis eigenstates for such systems extend to infinity, and the very definition of the WF must pay the price of dealing with improper functions [16] . Indeed, in itself, such a problem could not be dramatic: the use of improper functions in quantum mechanics is well established when dealing with extended states. However, a second problem arises in the derivation of the equation for the WF. During such a derivation an integration by parts is needed [20] where one term is canceled if the wave function vanishes to infinity. If this is not the case, as for extended states, neglecting this term is not justified [27] .
Furthermore, in recent times, Fausto Rossi and coworkers have published a number of papers [28] [29] [30] where they seriously question the use of the WF for quantum transport in open systems. In particular, in [30] , it is pointed out that i) in certain conditions, such as with symmetric potentials, with inflow boundary conditions the solution may be not unique [31] , and ii) the exact boundary conditions must be known in order to get a correct physical solution inside the device of interest. However, such precise knowledge is illusory, since the solution of the problem should already be known, and the use of approximate (e.g. semiclassical) boundary conditions can lead to unphysical solutions, namely the particle density can become negative. Let us consider for simplicity a single-particle one-dimensional system. The usual definition of the WF is [7] :
where Ψ(x, t) is the particle wave function, p is the Wigner momentum, and the overbar indicates an ensemble average. The contribution to the above integral is significantly different from zero as long as the wavefunctions in the ensemble maintains some coherence between two points at distance s. If a stationary system is considered, and we limit ourself to a single extended eigenstate ψ(x), the coherence length extends to infinity and the WF becomes an improper function. In a real physical system the scattering processes induce decoherence, thus reducing the coherence length to a finite value. Here we mimic such effect by introducing a coherence length λ > 0 directly in the definition of the WF, that now reads:
Following the usual procedure it is possible to obtain the dynamical equation:
where, for simplicity of notation, hereafter (+) and (−) stay for (x + s/2) and (x − s/2)
respectively, and H is the system Hamiltonian
m is the effective mass of the particle.
In order to proceed with the evaluation of the integral in (3) we consider first the kinetic term of H, which leads, with the usual straightforward steps, to
Integrating by parts the first terms of the integration yield
The above expression vanishes because of the presence of the finite coherence length λ, while for λ → ∞ the values at +∞ and −∞ are not defined. The second terms of the integration by parts yield
The first terms of each line in (7) combine to give
Following the usual procedure [7] , from (8) we get a "first contribution" to the kinetic term i ∂f wc ∂t
where the definition in equation (2) has been used. This is the usual free-particle term of the Wigner transport equation. Now, however, the second terms of each line in (7) have to be considered:
Substituting s with −s in the first integral of the last line of the above expression, a more compact form is achieved i ∂f wc ∂t
where ℑ indicates the imaginary part. Adding the contributions of (9) and (11) 
As it regards the potential term of the Hamiltonian in (3), its elaboration is not influenced by the finite coherence length, and we report here the final result only:
where
Now using (3), (12) and (13) we get:
is the corrective term to the standard Wigner equation due to the finite coherence length.
At this point, we found it convenient to generalize the definition for the Wigner function f wc , in oder to get a more compact analytical theory. First we rearrange the definition of
where we have set p 0 = /λ and ℜ indicates the real part. It should be noticed that from this expression it results that the introduction of the finite coherence length is represented mathematically by the shift of the Wigner momentum off the real axis. Let us now define the new functionf
wherep ≡ p + ip 0 andf r and if i are the real and imaginary parts off . Note that f wc =f r .
With the above definition, equation (15) can be rewritten as
Recalling the definition ofp the following relation holds
and, since the kernel of the integral in (19) is real, we finally get a new equation for the case of the WF with a finite coherence length:
Starting from the definition (18) it is possible to derive the dynamical equation forf following the standard procedure. Let us begin with the general form:
The kinetic contribution is:
Integrating by parts leads to
Finally we get:
The evaluation of the potential contribution is straightforward, and the equation forf results
Note that the real part of (25) returns (20).
III. DISCUSSION

A. Mean values
The definition of the WF with finite coherence length given in (2) is such that some of the known properties of the WF must be reconsidered. The introduction of the exponential damping factor in the real-space variable preserves the mean values of quantities which are local in space. In particular it is still true that
as can be immediately seen from the definition in (2) since the integration over p yields the δ function in s = 0.
On the contrary, the integration over x does not yield the standard result |φ(p)| 2 , but leads to a new expression with an interesting physical interpretation. Following the usual procedure in the integral of f wc over x, we introduce the φ(p)'s as Fourier transforms of the ψ(x)'s:
) dp ′ dp ′′ ds dx
where the integral definition of the δ(p ′ − p ′′ ) has been used, and the integration over s has been split to treat the |s| dependence. Now performing the integrations over s leads to:
The above expression represents a broadened particle density in momentum-space, where the broadening is a consequence of assuming a finite value for the coherence length. In other words, for each p the particle density in the momentum-space is weighted by a Lorentzian centred in p of width p 0 = /λ. When the coherence length goes to infinity the Lorentzian yields the δ(p − p ′ ), and the standard result is recovered. Expression (28) suggests the conclusion that while |φ(p)| 2 is the momentum density in p for the wavefunction with infinite coherence length, the integral in the l.h.s. of (28) yields the momentum density n(p) λ when the coherence length is reduced to λ.
Similar considerations hold when we consider the mean value of a physical quantity represented by the hermitian operator A. With the standard definition of the WF with infinite coherence length, we have:
is the Weyl-Wigner transform of the operator A.
Let us first note that if A is a function F (x) of only the operator x, then straightforward calculations show that
Similarly, if A is a function G(p) of only the operator p then
Thus, combining (30) with (26) we obtain:
and
Analogously, combining (31) with (28)
dx dp = n λ (p)G(p)dp .
The above results suggest to define the mean value of a general observable A in the state with finite coherence length as
The mean value of the observable A in the coherent state ψ(x) can still be obtained as follows:
and moving to the central x = (x 1 + x 2 )/2 and difference s = x 2 − x 1 variables, we get:
Inserting the δ(s − s ′ ), integrating over s ′ and then using the plane-wave representation for the δ function, we obtain
and recalling (2) we finally get:
The formal difference between (29) and (40) is that for the latter we cannot define an analogous of A w (x, p), since in (40) the integral over s ′ , taken by itself, is divergent. On the other hand the integration of f wc over x balance the divergence, and the expression, as a whole, is well defined and finite.
B. Limit of the dynamical equation for infinite coherence length
An important point that can now be raised is wether the limit of the new equation (20) returns the standard Wigner equation when λ → ∞, i.e. when p 0 → 0. From (20) we see that this is actually the case if
The above condition is satisfied as long as ∂f i /∂x remains finite or diverges slower then 1/p 0 when p 0 → 0. In the case of the finite potential barrier discussed in the following, we have certified numerically that the condition (41) is verified. Besides, Rossi and coworkers [30] have shown that for a δ-like potential barrier the standard Wigner equation is verified by the WF obtained with the analytical expression of the scattering states. The WF can be calculated analytically for both the infinite and finite coherence lengths, even though the results are rather cumbersome (see for example [30] ). Fig. (1) shows the function f wc as real part of thef as well as the imaginary part of the same function for different values of λ. For increasing coherence length f wc approaches the combination of δ-like functions obtained by the coherent scattering states, plus the contribution of the correlations between the incoming and the reflected waves.
IV. CONCLUSIONS
The theory of the WF has been revised to include the effect of a finite coherence length, corresponding to move the Wigner momentum p off the real axis.
A new function f wc is defined as in (2), and the main results obtained with such revision are expressed by the new dynamic equations in (15) and (25) .
In terms of the new WF, f wc , mean values of physical quantities can be calculated. In particular mean values of the quantities depending only on the position x are unaltered, while mean values of physical quantities depending on the momentum must account for a broadening of the momentum distribution according to a Lorentian distribution, as in (28).
The limit of the new equation as the coherence length goes to infinity is also analyzed, obtaining the conditions which allow to recover the standard Wigner equation. For the sake of concreteness, a numerical example has been developed using the standard case of study of a rectangular potential barrier.
